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Local fields

Let K be a field which is complete with respect to a discrete valuation

vk : K* — 7Z, whose residue field K is a perfect field of characteristic p
Also let

Ok ={a € K:vg(a) >0}
= ring of integers of K
mk = uniformizer for Ok (i.e., vk(mk) = 1)
My = Ok
= unique maximal ideal of Ok

Let L/K be a totally ramified Galois extension of degree p”, and set
G = Gal(L/K).



Galois scaffolds (setup)

Let by < by < --- < b, be the lower ramification breaks of L/K, counted
with multiplicity. Assume that p{ b; for 1 <i < n.

Set Spn ={0,1,...,p" — 1} and write s € Spn in base p as
s =5y’ + su)pt + -+ Suenyp" !

with 0 < s;y < p. Define a partial order on Spn by s <t if 5(;) < ;) for
0<i<n-—1.

Define b : Spn — Z by
b(S) = S(O)Pobn + 5(1)P1bn71 4t S(n—l)Pn_lbl.

Let r : Z — Spn be the function which maps a € Z onto its least
nonnegative residue modulo p”. The function r o (—=b) : Spn — Spn is a
bijection since p { b;. Therefore we may define a : Spn — Spn to be the
inverse of r o (—b). Extend a to a function from Z to Sp» by setting
a(t) = a(r(t)) for t € Z.



Galois scaffolds

Definition ([BCE], Definition 2.6)
A Galois scaffold ({W;}, {\¢}) for L/K with precision ¢ > 1 consists of
elements W; € K[G] for 1 <i < nand A; € L for all t € Z such that the
following hold:

Q vi(A\) =t forall t €Z.

Q )\tl)\tzl € K whenever t; = tp (mod p").

Q@ Vi(1)=0for1<i<n.

Q@ Forl<i<nandtée€Z there exists uj; € (’)? such that the following

congruence modulo )\Hpnﬂ-bl_M‘L holds:

\U()\ ) _ U,'t)\t+pnfibl. if a(t)(,,_,-) >1,
noe = 0 if a(t)(,,,,-) = 0.




A basis for K[G]

Let ({W;},{A¢+}) be a Galois scaffold for L/K with precision ¢. For s € Spn
set
W) = yOw

n

Then for every t € Z there are Uss € O such that the following holds
modulo A¢ i p(s)M:

\U(S)(/\ ) _ USt)\t+b(S) if s ‘j Cl(t),
7o if s £ a(t).

Then {W(®) : s € Spn} is a K-basis for K[G].
For £ € K[G] with £ # 0 define
OL(f) = min{vL(f()\)) — VL()\) TAE LX}.

Let A € L* and set v, (\) = t. Then v, (W)(X)) > t + b(s), with equality
if and only if s < a(t). Hence 0, (W(%)) = b(s).



The map ¢ : L&k L — L[G]
There is a K-linear map ¢ : L @k L — L[G] defined by

pla® b) = Z ao(b)o.
oceG
For x € L we get

op(a® b)(x) = Z ao(bx) = aTry k(bx).

oeG

Proposition ([Bonl], Proposition 1.1.2)

¢ is an isomorphism of K-vector spaces.




A partial order

Recall that [L: K] = p".

Let H be the subgroup of Z x Z generated by the element (p”, —p").
For (a, b) € Z x Z write [a, b] for the coset (a, b) + H.

Define a partial order on the quotient group (Z x Z)/H by |[a, b] < [c, d] if
and only if there is (¢/, d’) € [c,d] such that a < ¢’ and b < d".

We often use the following set of coset representatives for (Z x Z)/H:

F={(a,b) e ZxZ:0<b<p"}
=7 X Spn



An example

Let p” = 9. Here is the set

{(c,d) € F:[-3,2] <[c,d]}:




Expansions of tensors

Choose a uniformizer m; for L and let 7 be the set of Teichmuller
representatives of K.

Let B € L ®k L. Then there are unique a;; € 7 such that
ﬁ = Z a,-j7r£ ® 7TJL
(ij)eFr
Set

R(B) =A{li.j]: (i.J) € F, aj # O}.
Then R(3) depends on the choice of 7.



Diagrams and diagonals

Definition

Define the diagram of § € L ®x L to be

D(B) = {lx,y] € (Zx Z)/H :[i,j] < [x, y] for some [i,j] € R(3)}.

Proposition ([Bon2], Remark 2.4.3)

D(B) does not depend on the choice of uniformizer m; for L.

For 8 € L ®k L with 8 # 0 define
d(8) = min{i+j: [i,j] € D(B)}.
Define the diagonal of 3 to be

N(B) =A{li.jl € D(B) - i +j = d(B)}.



The generating set of a diagram

Let G(f3) denote the set of minimal elements of D(/3) with respect to the
partial order <. Then N(5) C G(p).

Set ip = b(p" —1). Then ip + p” — 1 = v, (d, k) is the valuation of the
different of L/K.

Theorem ([Bon2], Proposition 2.4.2)

Let B € L ®k L be such that £ ;= ¢(5) € K[G]. Then the following
statements are equivalent:
@ For all X € L with vi(\) = —b — iy we have v ({(N)) = a.

It follows from the theorem that if £ = ¢(8) then ¥,(&) = d(B) + fo.

More precisely, for A € L* we have v (£(N)) > vi(A) + d(B) + o, with
equality if and only if v (\) = —b — iy for some [a, b] € N().



An example
Let p”" =9 and set
B = asom; ®@ T + agam] @ 7} + azams @ 7} 4 apsTe @ 7.

with a;j € T~ {0}. We get

R(B) = {[5, 0], [4,4],[3, 4], [0, 5]}
G(B) = {[501,[3,4],[0,5]}

N(B) = {[5,0],[0,5]}

d(B) =5.

The subset of F corresponding to D(3) is . ..



Example diagram

p" =9, B=asom; @7 + asan} @ 7} + azam; ® 7 + agsm) @ w3
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Semistable extensions

Definition ([Bon2], Definition 3.1.1)
Let L/K be a totally ramified Galois extension of degree p”.
@ Say that L/K is semistable if there is 5 € L ®k L such that
¢(B) € K[G], ptd(B), and [N(B)| = 2.

@ Say that L/K is semistable with precision ¢ > 1 if we may choose /3
so that a+ b > d(8) + ¢ for all [a, b] € G(B) ~ N(5).

Theorem ([Bon2], Proposition 3.2.1)

Let L/K be semistable with precision ¢, and let § € L ®x L be the
corresponding tensor. Then there is h € Z with h = iy (mod p") such that

D(ﬂ) = {[07 h]? [h7 0]}

v

Hence by replacing 5 with a K-multiple we may assume that

D(B3) = {[0, o], [10, O]}-



Galois scaffold = semistable

Theorem

Let L/K be a totally ramified Galois extension of degree p" which has a
Galois scaffold with precision ¢. Then L/K is semistable with precision c.

Proof for ¢ = 1: Let ({V;}, {\:}) be a Galois scaffold for L/K. Set
£=wP"=2) For A € L* we get v (&(N\)) > vi(\) + b(p" — 2), with
equality if and only if either v/ (\) = —b(p"” — 1) (mod p") or

ve(A) = —b(p" —2) (mod p").

Let 8 € L ®k L be such that ¢(5) = &£. It follows that
N(B) = {[—bn,0], [0, —bn]}. Therefore L/K is semistable.
Corollary

Let L/K be a totally ramified Galois extension of degree p" which has a
Galois scaffold. Then the lower ramification breaks of L/K satisfy
bi = —ip (mod p") for1 < i< n.




Coefficientwise multiplication in K[G]

Definition
Let { = ,cga-0 and n =" ¢ byo be elements of K[G]. Define
ExN =) yecgarbs0.

Proposition ([Bonl], Proposition 1.6.1)

Let o, B € L@k L be such that ¢p(a) € K[G] and ¢(B) € K[G]. Then
o(aB) = ¢(a) * ¢(B). In particular, p(a) € K[G].

Corollary

Let B € L ®k L satisfy () € K[G]. Then for all s > 0 we have
¢(8°) € K[G].




Another basis for K[G]

Let L/K be a semistable extension. Then there is 5 € L ®k L such that
#(B) € K[G] and N(B) = {[0, io], [i0o,0]}. Hence there are t,u e T ~ {0}
and R € L ®k L with d(R) > ip and

B=trd @7l +url @70+ R.

It follows that for s € Spn there is Rs € L @y L with d(Rs) > sip and
B = Z <S> tjus_jﬂ'ﬁsfj)io & ﬂ'i'b + Rs.
=0\
It follows that d(3°) = siy and D(5°) = {[(s — j)io,Jjio] : j = s}

Set £*° = ¢(B%). Then £** € K[G]. For A € L* we get
vi(€*(N)) > vi(A\) + (s + 1)ip, with equality if and only if
vi(A) = —(+ 1)ip (mod p") for some j € Spn such that j <'s.

The set {(*° 1 s € Spn} is a K-basis for K[G].



Semistable = Galois scaffold

Theorem

Let L/K be a semistable extension of degree p". Then there is a Galois
scaffold for L/K with precision 1.

Proof: There are £ € K[G] and 3 € L ®k L such that ¢(8) = £ and
N(ﬁ) = {[i070]7 [07 IO]}

For 1 < i < n define
@i _ ¢(/8Pn_pnfi_1) _ é_*pn_pnfi_l‘
Then @,’ € K[G] Set Ci = OL(G),-) = (p" — p"fi)l'o. Then

c=-p"lip=p"'b; (mod p").

Let A € L and set t = v;(\). Then v (©;(\)) > t + ¢;, with equality if
and only if a(t),—y > 1.



Semistable = Galois scaffold (continued)

Set v; = (¢; — p"'b;)/p". Then &; = 7,.""O; satisfies
vi(®i(X)) > t 4 p"~'b;, with equality if and only if a(t)(,_; > 1.

For1<i<nsetV;=®; —d;(1). Then V;(1) =0. Let A € L* and set
t = vi(A). Since v (®;(1)) > p"~b; we get

Wi(A) = ;(A)  (mod MEFPT BT,

Let {\: : t € Z} be elements of L such that v, (\;) =t for all t € Z and
)\h)\gl € K for all t1, tp such that t; = tp (mod p").

Suppose a(t)(,—y) > 1. Then v (Vi(Ar)) = t + p"'bj, so there is
uir € O such that

W,‘(At) = uft>‘t+p”_ib; (mod )‘t+p"_ib;ML)'

It follows that ({W1,...,V,}, {\¢}) is a Galois scaffold for L/K with
precision 1.



Some questions

Let L/K be a semistable extension with precision ¢ > 1. The Galois
scaffold for L/K produced by our methods need not have precision ¢. In
fact, the best we can say is that it has precision 1.

It would be interesting to know whether a semistable extension with
sufficiently high precision must have a Galois scaffold with precision ¢ for
some ¢ > 1.

Note however that a semistable extension with sufficiently high precision
(e.g., ¢ > p") is stable, and hence semistable with infinite precision. Hence
we can't expect a semistable extension with precision ¢ to have a Galois
scaffold with precision ¢ in every case.

It would be useful to have some examples of semistable extensions with
high precision which don't admit Galois scaffolds with high precision.



